We introduce a modification of the standard entanglement swapping protocol where the generation of entanglement between two distant modes is realized and verified using only local optical measurements. We show, indeed, that a simple condition on the purity of the initial state involving also an ancillary mode is sufficient to guarantee the success of the protocol by local measurements [M. Abdi et al., Phys. Rev. Lett. 109, 143601 (2012)]. We apply the proposed protocol to a tripartite optomechanical system where the never interacting mechanical modes become entangled and certified using only local optical measurements.
I. INTRODUCTION
In quantum information networks, entanglement is a key feature for secure exchange of information [1] [2] [3] [4] . There are many proposals and realizations for generating entanglement between various nodes of a quantum network; entanglement of two trapped ions [5] , two atoms [6, 7] , two macroscopic diamonds at room temperature [8] just to quote a few of them, up to the most recent distribution of entanglement between distant sites, as across a lake [9] or between two islands [10] . However, most proposals require preparation through a physical, direct [11] or indirect [12] , interaction. Entanglement swapping, instead, is one of the most surprising effects of the nonlocality of quantum mechanics because it is a way to create entanglement, i.e., quantum correlations, between distant parties that never interacted [13] . For continuous variables, which we are here interested in, this technique was experimentally demonstrated in Refs. [14, 15] .
For nontrivial quantum communication tasks such as teleportation [2, 16] , it is necessary to ensure that the remote sites which are the ends of the quantum channel are entangled. This condition may lead to serious difficulties, since it requires test measurements on the remote sites, which could be difficult to perform. Therefore, it is important to test the success of a swapping protocol in easier ways. In this paper we provide a solution to such a requirement, i.e., we propose a protocol which makes it possible to test the entanglement between remote nodes employing local optical measurements only. Although our protocol imposes a condition on the initially prepared states, from a practical point of view this is a reasonable cost to pay for. Such a protocol can be utilized for producing confident quantum channels between two far and non-interacting nodes, e.g., two satellites, by measurements in halfway for both creating and testing it (cf. Fig. 1(b) ). Moreover, this protocol provides a promising method for experimentally creating entanglement between two macroscopic objects in direction of questioning the so called Schrodinger cat states and their decoherence [17] [18] [19] . From this point of view, this work extends Ref. [20] , which first pioneered the possibility to use entanglement swapping for entangling two massive systems, such as two micromechanical oscillators.
In this paper the matrices are shown by curly capital letters, while the vectors are in bold face letters. The paper is organized as follows: In Sec. II we explain the protocol. In Sec. III we discuss the output state resulting from running the protocol. Then, the protocol is applied in the specific case of optomechanical systems in Sec. IV. Concluding remarks are provided in Sec. V.
II. THE PROTOCOL
The initial states employed in this protocol, on both sides of the system, are tripartite continuous variable states. In fact, the standard entanglement swapping protocol is modified by adding an ancillary mode to each side in order to provide the local certification of the achieved entanglement between the two remote sites. In Fig. 1(a) the principles of the protocol is sketched.
A. Initial state
The whole system is initially composed of a pair of independent tripartite entangled bosonic modes, one possessed by Alice and one by Bob. Alice and Bob are located at remote sites, prepare a specific tripartite state, and each shares two modes with Charlie, who is located for simplicity halfway between them (see Fig. 1 (a) and (b)). These four bosonic modes (two modes from each side) will be manipulated by Charlie when executing the protocol. Since the two initial subsystems of Alice and Bob are independent and non-interacting, the initial state of the whole system can be described by the tensor product of the two initial tripartite states, ρ 1 ⊗ ρ 2 where ρ 1 and ρ 2 are shared by Alice-Charlie and Bob-Charlie, respectively. We identify the modes remained at each side (the 'remote' modes) by the bosonic annihilation operatorsâ l with commutation relation [â l ,â †
The bosonic modes used for the Bell measurement and certifying process are described byb l , andĉ l with similar commutators, respectively, where l = 1 stands for Alice, while l = 2 is related to Bob. In the case of an optomechanical system which we will consider later on, the remote mode will be represented by a mechanical mode of a micro-mirror and the modes shared with Charlie by two output modes of the optical cavity (see Fig. 1(c) ).
The tripartite initial state at each site must be prepared in a proper way, in order to achieve the desired state at the end of the swapping protocol. That is, the final resulting state should give an entangled state between the remote modes and provide a trustful way to endorse it by the two ancillary, certifying, modes. This is satisfied when, in the output state, the remote modes are more entangled than the certifying modes,
where E N is an entanglement monotone that in this paper is chosen to be the logarithmic negativity [21] . In the following we shall derive an explicit condition for these certifying tripartite states [22] .
In the Wigner function formalism, the initial state is expressed by the product of the Wigner function of the states at each site,
(1) where we have introduced the complex phase space variable α l ≡ (x al + ip al )/ √ 2 corresponding to the bosonic mode operatorâ l and the same is done for the other modes,b l ↔ β l andĉ l ↔ γ l with l = 1, 2. The real phase space variables x kl and p kl with k = a, b, c and l = 1, 2 are the counterparts of the Hermitian quadrature operatorsx lk andp kl satisfying the commutation relations [
B. Bell measurement
In order to convert Alice-Charlie and Bob-Charlie entanglement to the nonlocal Alice-Bob entanglement, Charlie must erase some of the information shared with Alice and Bob. This is obtained via the CV version of the Bell measurement, which we recall here.
Beam-splitter mixing-Charlie mixes one mode from each side (here labeled asb 1 andb 2 ) through a balanced beam-splitter, performing the following linear transformation for the annihilation operators
whereb ± refer to the output modes ± of the beamsplitter. At the level of quadratures one haŝ
while the phase space counterpart of this bilinear transformation is
where β ± ≡ (x ± + ip ± )/ √ 2 are the complex phase-space variables associated with the beam-splitter output variables.
Homodyne detection.-Charlie measures thex − and p + quadratures with two homodyne detectors, getting the outcomes {x − ,p + } = √ 2{β ℜ − ,β ℑ + } with probability P (x − ,p + ), where the superscripts ℜ and ℑ correspond to the real and imaginary part of the complex number or variable. This measurement leads to the conditional collapse of the initial six-mode state into a four-mode state:
The conditional output state generated at this stage is obtained by tracing out the beam-splitter output modes ±, i.e., by integrating the collapsed state Wigner function over the variables β + and β − , which reads
By introducingβ
, which is a complex number representing the measurement outcomes in a compact form, and β ≡ [x + + ip + − (x − + ip − )]/2 which is actually equal to β 1 | {x−,p+} (i.e., β 1 specified by the measurement outcomes) we arrive at the following compact form for the conditional state after the Bell measurement
Eq. (6) has been obtained using the fact that β 2 | {x−,p+} = β * −β * , the property
and thatβ
Moreover, we have also exploited the fact that P (ky) = P (y)/|k| for k ∈ R, so that
and that dβ
The conditional state of Eq. (6) has a fluctuating displacement associated with the outcome of the Bell measurement. Charlie broadcasts the measurement results, so that Charlie himself, as well as Alice and Bob, may suitably displace their modes according to the measurement outcomes. In the Heisenberg picture, these displacements, which will complete the swapping process, are [23] 
However, in practice, Alice, Bob, and Charlie may employ gain factors in displacing their modes [24] . As it will be discussed in Sec. III, application of these gain factors may be useful for improving the quality of the swapped entanglement. In terms of the complex phase space variables, these conditional displacements can be expressed as
where the displacement of each mode when phasesensitive gain factors are used are given bỹ
In practice, the process is run continuously with measurement outcomes changing in time, so that the conditional state W con of Eq. (6) is transformed into a displaced state W dis according to Eqs. (10) with probability P (β). In general, the state of the system is therefore given by the ensemble average
(12) We remark that this average is superfluous if the displacements are optimal, such to transform W con into a zero-mean state [20] . As we will see afterwards, this reduction is also exploited in our approach.
III. THE OUTPUT STATE
The output state of the swapping protocol is described by Eq. (12) which completely characterizes the final state of the system and is given by a convolution integral of the Wigner functions of the factorized initial state, evaluated at appropriate phase space points. For this reason it is convenient to express the output state in terms of its symmetrically-ordered characteristic function which is just the Fourier transform of the Wigner function,
where λ k and µ k are the conjugate variables for α k and γ k in the Wigner function, while the correlations between the four modes are contained in the complex variable ν given by
In order to perform calculations, it is convenient to adopt a vector notation in which we associate to each complex variable a two-dimensional real vector according to
As a consequence, the characteristic functions in Eq. (13) can be rewritten as
where Z ≡ diag[1, −1] and we have introduced the following gain matrices
A. The case of initial tripartite Gaussian states
We now restrict to the physically relevant case when the two independent tripartite states ρ 1 and ρ 2 at Alice and Bob sites are Gaussian. For the class of Gaussian states, the characteristic function is completely determined by the first and second moments of the quadrature operators [2] . In fact, for an N -mode Gaussian state, the characteristic function is equal to Φ(k) = exp{−k T Vk/2 + id T k}, where V and d are the covariance matrix (CM) and displacement vector of the state, respectively, and
T is the vector of phase space variables. The entanglement properties of the final state are fully determined by the CM because the displacement affects only local properties. We consider two initial tripartite Gaussian states with zero displacement and characterized by the following CM
which is expressed in terms of its 2 × 2 sub-blocks. By inserting the corresponding characteristic functions into Eq. (13), one gets for the ensemble-averaged output state a four-mode Gaussian state with vanishing first moments and a CM given by
In particular, the CM of the interesting bipartite subsystems (Alice-Bob and the certifying modes) are given by
where we have introduced the matrix M ≡ B 1 + ZB 2 Z.
B. Optimization of the output state
The ensemble average output state is of much less quality and less entangled than the initial state because of the average over the differently displaced states conditioned to the homodyne measurement outcome. However one can optimize the output state by optimizing the choice of the gain factors. It is quite evident that such an optimization corresponds to adjust the gain so that the displacement of the conditional state is always put to zero. In such a case the output state is no more blurred by the fluctuating measurement outcomes and the CM of the output state corresponds to that of the conditional state [20] .
The first moment of the displaced conditional state can be obtained by calculating the characteristic function of the Wigner function which is obtained from Eq. (6)
which is given by
Now let us switch to the vector notation, by defining the vector corresponding to the measurement outcomẽ β = [iβ R , −iβ I ], so that this characteristic function can be rewritten as
Since we have considered the initial state of each side to be a zero-displaced Gaussian state, whose CM is given by Eq. (20), we arrive at the following first moment vector for the displaced conditional state
By applying the condition for the optimal output state, i.e. d dis = 0, from Eq. (27) we get
as the optimal values for the gain matrices. Finally, the CM of the optimally displaced (output) state reads
which is identical to the CM of the conditional state, expressed by the Wigner function in Eq. (6) . Explicitly, the various blocks V R , V C , and V X are equal to [22] 
C. Standard form
To get an intuitive picture for determining the conditions under which the entanglement swapping with local certification protocol properly works we use the standard form of the CM. In fact, the CM of an arbitrary N -mode state expresses the covariances between the quadratures of the state, and, for this reason, it must respect the uncertainty principle. Therefore, we adopt the compact form of commutation relation for the vector of operators,
lm , where
is the N -mode symplectic form. Thus, every CM must satisfy the following condition
The results of the two previous sections can be expressed in a simplified way by exploiting the standard form of the CM. The CM of every tripartite system can be transformed in the following form via local unitary operators
Applying this standard form to the CMs of the initial tripartite states in Eq. (20) is equivalent to set R k = r k I, B k = b k I, and C k = c k I where I is the 2 × 2 identity matrix. Also we have
, and
where k = 1, 2. However, when all 2 × 2 submatrices of the CM V k are non-singular, the standard form of Eq. (35) gets an additional zero element e ′′ k = 0, i.e., we can write E k = diag[e k , e ′ k ] (cf. Ref. [26] ). As an entanglement monotone, we adopt the logarithmic negativity [21] 
where η − is the minimum symplectic eigenvalue of the partially transposed CM. This is also known as minimum partially-transposed symplectic (PTS) eigenvalue and it is given by
where Σ(V) ≡ det A + det B − 2 det C can be extracted from the original CM expressed in the block form
It is clear that entanglement is present when E N > 0 or equivalently η − < 1/2. Furthermore, η − is itself an entanglement monotone for Gaussian states, since it is monotonically related to E N .
From the standard form of Eq. (35), we arrive at the following bipartite CMs for the two bipartite subsystems describing the two remote network nodes -Alice and Bob-and the certifying parties of Charlie,
From these matrices the remote-remote and certifying bipartite entanglement can be calculated, but their expression is too cumbersome to be reported here.
However, the explicit values for the entanglement monotone of the two bipartite states is significantly simplified when the initial tripartite states are identical, that is, when we start from a perfectly symmetric state between Alice and Bob. In this simpler case, we are able to derive compact formulas for the partial transpose symplectic eigenvalues. In fact one gets for the CM of the remote modes c −
and the symplectic eigenvalues of the partial trans-
In the above equations, V RB and V BC are the CM of the input subsystems given by
D. Tripartite certifying states
The condition for a successful, locally certified, entanglement swapping is obtained by finding the relation between the entanglement monotones η − R and η − C of the two bipartite subsystems, the remote modes at Alice and Bob sites, and the certifying modes in Charlie's hands. In the symmetric case, such a relation is given by their ratio,
If we consider the standard form of Ref. [26] , i.e. e ′′ k = 0, the relation between the remote sites entanglement and the certifying entanglement takes the following general form
where χ is a local symplectic invariant given by
This gives a sufficient condition for an indirectly measurable entanglement between Alice and Bob. In other words, if any entanglement between the certifying modes is detected by Charlie, the two distant and noninteracting modes are surely entangled, provided that the initial states are prepared so that χ < 1. This sufficient condition can be expressed in terms of local purities of the system. The purity of a state is defined as µ(̺) = Tr(̺ 2 ), where for an N -mode Gaussian state with CM V(̺) is equal to
Therefore, it is easy to show that the minimum PTS eigenvalues of the bipartite remote sites and certifying modes are related to the local purities by the following equations
where µ B is purity of the Bell mode, µ RB that of the system formed by the mode in the remote site and that subject to the Bell measurement, and µ BC that of the system formed by the two modes at Charlie's site. The sufficient and necessary condition for a successfully certified swapping process is to have for the output state E R N > E C N > 0. This condition can be rewritten from Eqs. (36) and (48) as
Notice that this necessary and sufficient condition for ensuring that the swapping process is successfully executed and certified implies that the initial tripartite state should be prepared such that the certifying-Bell and remote-Bell bipartite subsystems are entangled. This can be verified as follows. According to Refs. [27, 28] the bipartite Gaussian state of the remote-Bell subsystem is inseparable if and only if
However, for every two variables x and y confined to 0 ≤ x, y ≤ 1, the inequality
is always true. Therefore, by setting x = µ B and y = µ R and using Eq. (49), one has
which is just the necessary and sufficient condition for the entanglement of the remote-Bell subsystem. The same argument can be applied for the certifying-Bell subsystem by putting x = µ B and y = µ C .
IV. THE OPTOMECHANICAL SYSTEM
We now apply this protocol to the case of an optomechanical system, in order to achieve entanglement between two distant macroscopic mechanical resonators. To this end, one prepares a tripartite optomechanical system involving a mechanical resonator coupled to two optical modes both at Alice's and Bob's sites. The mechanical elements are the remote modes, while the optical modes are sent and shared with Charlie. Indeed, the goal of the protocol is the creation and certification of entanglement without any direct measurement on the mechanical elements, since quantum-limited measurement on mechanical modes maybe highly nontrivial [29, 30] . Therefore, it is necessary to exploit the two output optical modes as Bell and certifying modes (cf. Fig. 1(c) ). This could be done by driving a single cavity mode, and then extracting two independent output optical modes by suitably filtering the outgoing field as in [31] . However, it is more efficient to drive two different cavity modes and filtering one output mode [32, 33] for each driven mode, and we shall consider this latter situation from now on. The two filtered optical modes are sent to Charlie for performing the Bell measurement and the certifying process. The latter is only a series of homodyne measurements, which will be carried out on the optical modes only.
A. The Hamiltonian
The optomechanical system is driven by two lasers which are appropriately detuned from the corresponding cavity mode. Thus, the Hamiltonian of the system is described byĤ sys =Ĥ O +Ĥ M +Ĥ OM +Ĥ L , wherê
describes two different modes of the optical cavity with frequencies ω b and ω c and whose annihilation operators satisfy the usual bosonic commutation relations
which corresponds to a mechanical oscillator with mass m and resonance frequency ω M . This means assuming that the cavity modes interact only with one resonant mode of the mechanical part of the system, which is justified when the detection bandwidth is chosen so that it includes only a single, isolated, mechanical resonance and mode-mode coupling is negligible [34] . In the above mechanical Hamiltonian,p andq are the dimensionless momentum and position of the micro-mechanical oscillator, respectively, such that [q,p] = i. The optomechanical interaction is described bŷ
where G 0,k (k = b, c) are the single-photon optomechanical coupling constant. In the paradigmatic case of an optomechanical system formed by a Fabry-Perot cavity with a micromechanical mirror this coupling constants can be written in terms of the cavity length L as [33, 35] 
Finally, the laser driving is described bŷ
where
is the driving rate of the cavity modes. Here P L,k is the laser input power and ω L,k its frequency, while κ k is the decay rate of the kth cavity mode.
B. Quantum Langevin equations
We use a quantum Langevin equation (QLE) approach to study the quantum dynamics of the optomechanical system at each site. The QLE can be derived from the full Hamiltonian of the system, i.e., by adding the Hamiltonian of the mechanical and optical reservoirs and their interaction with the system toĤ sys yielding, in a frame rotating at the frequencies of the two lasers [36] ,
is the detuning of the laser frequency with respect to the cavity modes. The mechanical noise operatorξ describes the zero-mean thermal noise, with correlation function
where γ M is the damping rate, k B is the Boltzmann constant, and T is temperature of the mechanical reservoir. The only non-vanishing correlation function of the noise operators acting on the optical modes due to the vacuum fluctuations are
In the present proposal, non-local entanglement between the two non-interacting mechanical resonators at Alice and Bob site is created by swapping an initially present optomechanical entanglement between the mechanical mode and the Bell output optical mode. This latter entanglement is known to be strong and robust in the case of strong optomechanical coupling [11, 37, 38] , and a straightforward way to enter this regime [39, 40] is to intensely drive the optical modes and to consider the linearized quantum fluctuations around the resulting classical steady state. By assuming high intensity intracavity fields one approximates the cavity mode operators as a steady state coherent field with large amplitude and quantum fluctuations around it. Therefore, for every operatorô one can writeô = o s + δô and get the following classical steady state values
where the effective detuning are defined as
The linearized dynamics of the small quantum fluctuations of the optomechanical system can be described in compact form in terms of the vector of fluctuationŝ
T is the noise vector, and K is the matrix of coefficients, given by
where G k ≡ √ 2G 0,k a s,k are the effective optomechanical couplings which can be made large and tunable by varying the stationary intracavity amplitudes a s,k .
The steady state of the tripartite optomechanical system exists and it is stable if all the eigenvalues of the drift matrix K have negative real parts. The parameter region under which stability occurs can be obtained from the Routh-Hurwitz criterion [41] , but the inequalities that come out are quite involved. However, the present bichromatically driven system has a regime in which the system is always stable, achieved when G b = G c and ∆ b = −∆ c , where there is a balance between a stabilizing "cooling" cavity mode with positive detuning and a "heating" cavity mode with negative detuning. Ref. [33] has shown that this bichromatically driven system in this regime provides a robust and significative optomechanical entanglement and we assume to operate in such a regime for a possible implementation of the proposed entanglement swapping protocol.
C. Optomechanical entanglement of output modes
Charlie performs his Bell and certifying measurements on the optical modes at the output of the optomechanical cavities, which can always be optimized with filters which, if appropriately chosen, may lead to a significative increase of the entanglement with respect to their intracavity counterpart [31] . The effective, filtered output modes are defined by the following bosonic annihilation
where h k (t) is a causal filter function defining the output modes [31] . In fact,â out k is a standard photon annihilation operator, implying the normalization condition |h k (t)| 2 dt = 1. A simple choice is
where Θ(t) is the Heaviside step function, 1/τ k is the bandwidth of the filter, and Ω k is the central frequency (measured with respect to the frequency of the corresponding driving field).
The stationary entanglement in the tripartite Gaussian state of the selected output optical modes and the mechanical resonator is determined by its 6 × 6 CM
T is the vector formed by the output field quadratures and by the mechanical operators. This output CM can be expressed in terms of a frequency integral as [31, 33] 
whereÑ (ω) ≡ (iωI+K) −1 andT (ω) is the Fourier transform of
is the projector onto the optical quadratures, while Q(ω) is the diffusion matrix of the system, given by
Using the CM one can analyze the bipartite entanglement within the three different bipartitions of the system when one of the three modes is traced out, and also the tripartite entanglement.
D. Entanglement of the micromechanical resonators by entanglement swapping
An initially present optomechanical entanglement between the mechanical resonator and an output cavity mode (in each tripartite system) can be swapped into an entanglement between the two remote mechanical oscillators by means of the Bell measurement on the two optical modes. Furthermore, such an entanglement can be locally verified and certified by Charlie when there is a nonzero entanglement between the two optical certifying output fields, one from Alice and the other from Bob. From the discussion of Sec. III, the two above conditions are achieved when the tripartite optomechanical systems at each site is initially in a state satisfying the certifying condition of Eq. (46), involving only purities. Therefore, we have to determine an experimentally achievable parameter set in which such conditions are satisfied so that the proposed generalized swapping protocol can be successfully implemented.
Still restricting to the symmetric case of initially identical states at Alice and Bob sites, one has the following classification of tripartite optomechanical states:
The first case is the desired class of tripartite certifying states [22] which guarantees a successful implementation of the protocol. In the second case, the two remote mechanical resonators are entangled after the protocol, but there is no entanglement between the certifying optical modes. Therefore, the success of entanglement swapping cannot be locally certified. In the third case, which we call "wrong swapping" the Bell and certifying modes are more entangled than the remote and Bell modes; in this case one has an entangled pair of certifying modes, but this entanglement is greater than the value of the mechanical-mechanical entanglement which can be either zero or nonzero, and therefore one cannot say anything certain about the entanglement between the remote modes. In this case in fact, instead of having most entangled mechanical resonators, one gets two optical modes with higher entanglement. The fourth case is the worst situation when no swapping occurs because we do not have the necessary optomechanical entanglement to start with. The desired certifying condition of Eq. (46) is satisfied if we appropriately choose the detuning and filter the output modes. In fact, we have found that the mechanicalmechanical entanglement is larger when we drive the cavity Bell mode with a blue-detuned laser (∆ b < 0) and the certifying mode by a red-detuned laser (∆ c > 0). Indeed, it is shown in Ref. [33] that in this case the remote-Bell optomechanical entanglement is larger and both required conditions of large mechanical-mechanical entanglement and smaller certifying entanglement are easier to achieve. Let us verify this by considering an optomechanical system with state-of-the-art parameter values. The system is composed of a Fabry-Pérot cavity with L = 1 mm length, whose movable mirror has an effective mass m = 10 ng, resonance frequency of ω M /2π = 10 MHz, quality factor Q M = γ M /ω M = 10 5 , and coupled to a reservoir at temperature T = 0.4 K. We consider two lasers driving two adjacent cavity modes with wavelengths λ b = 810.045 nm and λ c = 810.373 nm and with the above-mentioned choice of opposite detunings, ∆ b = −∆ c = −ω M . Moreover the output optical modes corresponding to the Bell modes are filtered in order to be centered around the Stokes sideband, while the certifying modes are centered around the anti-Stokes sideband, i.e., we have Ω b = −Ω c = −ω M . We now study the properties of the initial tripartite Gaussian state with the above parameter choice, as a function of the remaining parameters, that is, the cavity bandwidths κ k , the input powers P k , and the bandwidth of the filtered output modes, 1/τ k , k = b, c. Fig. 2(a) shows the class of the initial Gaussian tri- partite state at fixed input powers P b = 4 mW, P c = 4.5 mW, in a chosen interval of cavity bandwidths (here assumed to be equal κ b = κ c ) and of inverse output bandwidths (here chosen so that τ c = τ b /6). The white region corresponds to the desired class 1 of certifying states, leading to a successful entanglement swapping certifiable with local measurements. Fig. 2(b) refers to the same parameter region and describes the "output" of the protocol. In fact, it shows the logarithmic negativity E N of the mechanical-mechanical entanglement (the green surface named as 'RRE'), and of the certifying optical modes (the red surface named as 'CCE'). This latter figure shows that a log-negativity RRE of E N ≃ 0.3 for the remote modes can be certified by E N ≃ 0.05 for the certifying modes. Then, Fig. 3 shows the class of the initial Gaussian tripartite state and the protocol output as a function of the input powers and filtering bandwidths (now assuming τ c = τ b /5), at fixed and identical cavity bandwidths κ b = κ c = 0.5ω M . In this case, the desired certifying state region of class 1 is the white strip shown in Fig. 3(a) , while Fig. 3(b) shows again E N of the mechanical-mechanical entanglement (green surface 'RRE'), and of the certifying optical modes (red surface 'CCE'). Fig. 3(b) indicates that a remote entanglement of E N ≃ 0.2 can be certified by an entanglement between the two certifying optical modes E N ≃ 0.1.
V. CONCLUSION
We have described in detail an extension of the entanglement swapping protocol which can be applied to an appropriate class of tripartite states. This protocol allows to swap an initially available entanglement to two sites which have never interacted and to certify it by measuring locally the entanglement between two ancil-lary modes at the same site where the Bell measurement is carried out. We determine and characterize the class of certifying states in the case of tripartite Gaussian CV states, showing that they can be fully identified in terms of local and bipartite purities [22] .
We have then discussed the application of the proposed swapping protocol with local certification to identical tripartite Gaussian states of two optomechanical systems. The protocol is applied to generate entanglement between two mechanical resonators at two remote sites, using two output optical cavity modes from each site for carrying out both the Bell measurement, for swapping the entanglement, and the homodyne measurements for certifying the success of the protocol. In this work we considered detections performed on optical modes but our analysis could be extended to other types of systems, for instance to the microwave modes of a modified coplanar waveguide [42] .
